Abstract--This paper analyzes the stability of a class of discrete linear multidimensional (MO) systems, whose solutions are path dependent and may not be uniquely specified by initial conditions. Based on the concept of solvable Lie algebra and a new compar-'ison principle, it presents a simple necessary and sufficient condition for exponential stability of the MD systems in terms of the spectral radius of the system matrices. This extends a pre\ious result based on the pairwise commutativity of the system matrices. A numerical example is given to illustrate the present result
I. INTRODUCTION Stability is a fundamental issue in the analysis of multidimensional (MD) systems, see, for example, [I], [3]-[14], [16]-
[IS] and the references therein. To date, most of the studies on MD system stability have been focused on systems described either by the two-dimensional Roesser's model [141, the Fomasini-Marchesini's models [6], [7] , or their multidimensional generalizations 131, [Ill, [16] .
In [5], [8] , and [9] , an essentially different state space model of discrete MD systems has been proposed and studied. Such an MD model can be used in describing some asynchronous technological (manufacturing) processes and can also be a result of discretization of Pfaffs partial differential equations arising in statistical hydrodynamics and other areas of physics. A special characteristic of this model is the path-dependence of its solutions. That is, for given initial and final MD indices and an initial condition, the solution to the system is not unique and is dependent upon the MD iterative path to the solution. This characteristic is analogous to the path integral in a nonconservative vector field where the value of the integral is non-unique and path dependent. It also makes the MD systems under consideration different from the commonly known Roesser's model and Fornasini-Marchesini's models.
For the MD system under consideration, it has been shown in [9] that, for any initial system state, the solution of the model is unique if and only if the coefficient matrices are painvise commutative. And in this case, the system is asymptotically stable if and only if the spectral radius of each coefficient matrix is less than unity.
By associating this type of MD system model to a onedimensional discrete system with time-varying parametric uncertainties, [I21 recently presented a set of necessary and sufficient conditions for asymptotic stability of the system. However, numerical test of these conditions involves some free parameters that cannot be pre-specified and may not be determined within finite computation steps. In such a case, no information of system stability can be obtained.
In this paper, we extend the early result of [8] to show that the simple spectral radius condition for MD system stability is actually valid for a larger class of MD systems whose coefficient matrices generate a solvable Lie algebra. In fact, the set of painvise commutative matrices, as required in [XI, is a trivial case of solvable Lie algebra.
The next section gives the formulation of the MD system and some preliminary results of solvable Lie algebra. Section 3 presents the necessary and sufficient stability condition for the system. An illustrative example is given in Section 4.
PRELIMINARIES
The linear time-invariant discrete MD system is modeled in the following state space equation
where s ( k ) E W is the state vector function of the variable k = (kl, ..., k,) with nonnegative integer components, and Ai E W'", i = 1, ..., m, are real matrices. Define a shift operator A, for z ( k ) which operates on the ith argument ki of the state
The system (1) can be written into a compact form as A,z(k) = A ; z ( k ) , i = 1, ..., m. with ki E Z+, i = 1, ..., m. For k', k2 E Z;?, the inequality k' 2 k2 is defined in the componentwise sense, i.e., ki 2 k?
Let L(ko: ..., kN) be a set of points kj = (ki, .._, kA) E Z ;
. satisfying the following two conditions:
We refer to the set L(ko, .._, k N ) as a discrete curve or path in 2 % ; . which connects the initial point ko E ZT and the final point k N E Z;L. It follows from [SI that, for a given initial point ( k o , s o ) E Z;? x R' and any k N 2 ko, a step by step solution for system (1) can be obtained as 
In this case, system (1) has a unique solution (3)
. .
XO. (5)
Recall that the system (1) is asyniprotically srable if for any
lIz(k,kO,zo)ll 5 T(T'k-';"l/lXO1l, k 2 kO for scalars T 2 1, U E (0, l), where I/. I I is a vector norm in Iwz, then the system is exponenrially sfable. For a system in the form (1) satisfying the commutativity assumption (41, it is clear that the spectral radius condition
is necessary and sufficient for the system to be asymptotically stable (81.
For the general case of system (1) without the commutativity assumption (4), we now show that the stability condition (6) is true for a larger class of systems modeled by equation (1) if its coefficient matrices AI, ..., A, generate a solvable Lie algebra.
To this objective, we recall some basic facts from the theory of Lie algebra in the following. 
The Lie algebra L is called solvable if there exists a j such that
A trivial example of solvable Lie algebra is the set of pairwise commutative matrices, where L(') = {O}. This together with (iv) gives the desired result. 0 Similar to the case of one-dimensional systems, we refer to Lemma 2.2 as a comparison result for the MD systems and call the system specified in (iii) a comparison system.
STABILITY ANALYSIS
We now present a necessary and sufficient condition for the exponential stability of the linear MD system (1). 
Further, since p(C) < 1 we can find an E > 0 such that p(C) + E < 1. By noting that matrix C is upper triangular, there is a
. Premultiplying D on both sides of (1 1) gives Finally, one may also verify that the matrix can be used to transform the system matrices to the upper triangular form such that
V. CONCLUSION
This paper has presented a necessary and sufficient condition for exponential stability of a class of linear MD systems. Under a solvable Lie algebra condition, it is shown that the MD system stability is easily determined by the spectral radius of the system state matrices. This gives an extension of an earlier restrictive result based on the pairwise commutativity of the system matrices.
